The first stage of frictional collision of a die and an isotropic linear elastic half-space is studied. The die is a blunt convex rigid body having an arbitrary shape with two orthogonal planes of symmetry, which are both orthogonal to the boundary of the half-space. The problem is investigated using the technique of integral characteristics of solutions to boundary-initial value problems introduced by Borodich. We consider non-frictionless boundary-initial contact problems, for example, adhesive or frictional. Expressions are obtained for the relations between time, depth of indentation, and velocity of the body. In particular cases, when the body is an elliptic paraboloid, a blunt four-sided pyramid or an elliptic cone, some expressions have simple algebraic forms. A proof is given that the expressions are independent of the boundary conditions in the contact region.
Introduction
THE HERTZ theory of collision of bodies provides a reliable estimate of the relations between time and contact force if the duration of collision is substantially greater than the minimum period of free vibrations of bodies (1). Hertz (2) analysed the three-dimensional problem of normal frictionless contact between two homogeneous, isotropic, linear elastic bodies making the following simplifying assumptions: (i) the shapes of bodies are described by quadratic forms; (ii) the size of the contact region is small with respect to the smallest radius of curvature of the bodies and the boundary-value problems for both bodies are formulated as for halfspaces; (iii) the contact region is an ellipse. Working with these assumptions, Hertz applied some known results of potential theory and obtained an exact solution of the contact problem. He also employed this solution to study a quasi-static frictionless collision of elastic bodies. Using the similarity approach, it was shown by Borodich (3) that the relationship of the Hertz theory of contact and collision can be obtained without solving the field equations. Later this similarity approach was applied to both problems of frictionless and frictional collision between nonlinear elastic bodies (4, 5) . However, this quasi-static approach neglects the truly dynamic character of the contact during its initial stage.
The dynamic problems of indentation of a rigid die into an elastic half-space are mathematically very recondite. So, these problems were studied initially in cases where self-similarity obtains. There are several approaches for self-similar problems of efastodynamics, namely the Smirnov-Sobolev method of functionalinvariant solutions (6 to S), the Willis approach based on the transform methods 564 F. M. BORODICH AND J. GOMATAM (9) and two other methods both being introduced by Brock: the homogeneousfunction method (10 to 12) and integral-transform method (13). Using the method of functional-invariant solutions, Kostrov (14, 15) solved the self-similar problems of frictionless pressing of rigid conical and wedge-shaped dies into an elastic halfspace. Kostrov posited a few additional hypotheses concerning regions of contact. The same problems without these hypotheses were solved independently in (16 to 18). Using the transform method, Willis (9) studied the self-similar problems of frictionless and adhesive pressing of wedge-shaped dies into an elastic anisotropic half-space. Only a few solutions were known in closed form to the spatial dynamical contact problem with non-frictionless boundary conditions (11, 12, 19 to 22). These are self-similar problems of indentation of an isotropic elastic half-space by rigid dies.
Bedding and Willis (20) obtained the solution to the self-similar problem of indentation of an isotropic elastic half-space by a rigid cone under conditions of perfect adhesion in the case when the constant velocity of the cone is large enough for the area of contact to expand more rapidly than the speed of propagation of the longitudinal waves and found the expression for the contact force.
In the self-similar contact problems the speed of the contact region boundary is constant. To ensure the self-similar character of the contact problems the die velocity must be given in advance (see, for example, (23, 24) ). The papers concerning impact problems often assumed that the velocity of the body is constant during the supersonic stage of vertical impact (see, for example, (25, 26) ). To study the problems the authors of the last two papers employed essentially different methods, namely Skalak and Feit (25) employed the method of the retarded potential, while Kubenko and Popov (26) used the Laplace transform and the Fourier-Bessel series expansion.
In this paper we study the first stage of the nonself-similar elastodynamic problem of frictional collision of a die and an isotropic linearized elastic half-space when the die velocity is not given a priori. During the first stage, known as the supersonic stage, no disturbance propagates along the surface of the half-space faster than the boundary of the contact region.
Let a homogeneous, isotropic, linear elastic half-space IEX: initially at rest be subject to impact by a blunt convex die of mass m, whose shape is defined by the graph of the non-negative function f(xl, x2).
Let the velocity of the die (V (t>) be directed along the normal to the boundary of the half-space x3 = 0. Let G(t) be the open region of contact between the die and the medium, S the area of G, aG its boundary (Fig. 1) . Let y be the speed of the curve aG along the boundary of the half-space IR:, measured along the normal to 8G. We will show below that if the initial velocity V(0) of the die is non-zero, then there exists a time interval [0, t,], t, > 0, on which y exceeds the maximum speed of wave propagation in the medium. As we have mentioned, it is said that the process of indentation in the interval [0, t*] is supersonic in nature.
In the dynamical problems with a priori given velocity of a rigid die, an extremely simple relationship for the instantaneous value of the force p(t) required to indent the die during the supersoni .c stage of contact was obtained: the force P( t) is directly proportional to the product of the velocity of indentation V(t) and the area S(t) of contact
Here p is the density of the medium and a is the constant speed of sound in fluid or the speed of propagation of the longitudinal waves in an elastic body. First, this relationship (1) was obtained only in the following special cases of the frictionless contact problems: for the compressible fluid or acoustic medium (29, for the isotropic elastic medium in the axisymmetrical case by Simonov (27) and in the three-dimensional problem by Robinson and Thompson (28) . The relationship for the contact force P(t), which was obtained by Bedding and Willis (20) from the exact solution to the adhesive self-similar contact problem, conforms precisely to equation (1) . / After the end of the supersonic stage the value of the vector of displacements u(x1, x2,0, t) is different from zero only over the bounded region U, which has the decomposition U = G U G 1, where G1 is the region of disturbed motion of the boundary surface particles, which are not in mutual contact with the die. It was found that (23, 25, 29, 30) where region, VI (t) and Si (t) are the respectively. velocity over the region Gt and the area of this It was shown that the relationships (1) and (2) are valid in the problems of frictionless indentation for more complex media (23, 29, 31, 32) and in the case of frictional indentation (33).
In the problem of vertical collision, the velocity of the body is determined from Newton's equation
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Here P is the force of interaction between the body and the medium
o;'i (x, t) are the components of the stress tensor in the half-space; the dot denotes a derivative with respect to time.
Only one solution was known to the collision problem with the use of equation (3) and even that only in the frictionless case (34) . Using the technique of the SmirnovSobolev functional-invariant solutions, the authors of (34) found a solution to an auxiliary self-similar problem of concentrated velocity and then obtained the solution of the main problem by integrating the solutions for concentrated velocities.
In the present paper we obtain expressions for the relations between time, depth of indentation and velocity of the body. In a particular case, when the body is an elliptic paraboloid or an elliptic cone, the expressions have simple algebraic forms. A proof is given that the expressions are independent of the boundary conditions prevailing in the contact region.
A weak formulation of the elastodynamic problem
We choose the origin of a Cartesian coordinate system 0~1~2x3 to be at the point of initial contact between the die and the half-space. We orient the x3 axis into the interior of the half-space and the x1 and x2 axes along its boundary (Fig. 1 ). The depth of indentation H(t) of the die apex is given by the formula
Supersonic stage of collision
Let us take a section of the die at height H(t) and project the section onto the plane x3 = 0. The boundary of this projection at point (xl, x2) propagates with speed equal to W)lgrad f (x1, x2W.
Since the die is blunt and smooth we have Igrad f (xl, x2) 11 (o oJ = 0. If the initial velocity V(0) of the die is non-zero then we obtain from equation (5) that there exists a time interval [0, t*], t, > 0, on which Yh x29 0 = V(t)lgrad f (x1, x2)lm1 > a, Va, a < 00, (Xl 9 x2) E mo- (6) Hence the speed of propagation of the boundary will exceed the maximum speed of wave propagation in the medium. In the case of an isotropic elastic medium, this maximum speed is the speed of propagation of the longitudinal waves a.
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Let u(x, t) be the displacement vector of the particles of the medium, oij(x, t) the components of the stress tensor associated with the disturbance produced by the die.
If the vector u(x, t) were continuous together with its derivatives up to second order with respect to the coordinates and time then we have the following classical elastodynamic equations of motion and constitutive relations (Hooke's law):
Here and henceforth, a comma before the subscript will denote the derivative with respect to the corresponding coordinate; summation from 1 to 3 is assumed over repeated Latin subscripts, while there is no summation over the Greek subscripts; h and p are the Lame coefficients.
These u and oij should satisfy the following initial conditions of a body at rest and boundary conditions of contact:
8(X1 7 x29 0 = H(t) -f (Xl, x2),
To complete the formulation of the boundary-initial value problem it is necessary to give two additional conditions for tangential components of stresses or displacements within G(t). The frictionless contact problem should satisfy 013(x1 7 x29070 = 023 (xl, x2, 0, t> = 0, (x19 x2) E G(t)*
In the case of full adhesion there is no relative slip between the die and the boundary of the half-space within the contact region, that is, the tangential components of displacements within G(t) cannot change with augmentation of the indentation depth. This is expressed by The above equations could give the formulation of a boundary-initial value contact problem. However, the function u(x, t) is continuous but not smooth enough. For example, the first derivatives of UJ with respect to the spatial variables are discontinuous on aG(t) at the supersonic stage. Thus, we have to provide a generalized or weak formulation (see, for example, (23, 29, 35, 36) of the problem. 
where Wi is the Sobolev space and C is a space of continuous functions. We assume that the generalized solution of the dynamic problem of collision is among weak elastodynamic states [u, CJ] on lR$ x [0, t,3 and in addition the vector u is continuous but non-smooth, that is,
Equations (9) and (10) are written in the weak formulation of elastodynamic problems instead of the equations (7). We consider weak states [u, 01 subject to the following generalized initial 090) = uO(x),
and boundary conditions u3h x2,0,0 = g(x1, x2, t), (1%
Here u" and v" are the initial displacements and velocities of points of the medium, respectively; Ti and T2 are the tangential surface tractions given on the whole boundary plane, and T3 is the normal traction given outside the contact region G; g is a function for the normal displacement, which is known on the whole contact region G. It follows from (8) that these values satisfy the following conditions: 
IIP IRS
It was shown by Borodich (29) that for the integral characteristics (US), the following lemma is valid. (iii) X3 and X4 are generalized derivatives of the function w(x3, t) with respect to x3 and t, respectively;
(iv) X1 and X2 are equal to zero for almost all x3 and t; w x3, x4 E L2(Iw+ x WY t*l).
We suppose that a weak elastodynamic state which gives a solution to the boundary-initial value problem (9) to (16) exists and is unique.
Note that the questions of the uniqueness of weak solutions to the first and the second boundary-initial value problems linear elastodynamics were considered in (35,36). In addition, general uniqueness and existence questions for the problems of dynamical indentation were considered in (37) .
Due to the boundedness of the supports of the functions u and oij at the initial time and the finiteness of the maximal speed of wave propagation in the medium, the supports of these functions are bounded for any finite t. Thus, the conditions of the above lemma are satisfied.
In this paper we consider the die as a blunt convex rigid body having an arbitrary shape with two orthogonal planes of symmetry 0~1x3 and 0~2x3, which are both orthogonal to the boundary of half-space. These planes are planes of symmetry for the problem (9) to (16) under consideration.
As a consequence we obtain that for any kind of boundary conditions, frictional, adhesive or frictionless, the following conditions of symmetry are satisfied: 
The last identities are satisfied for any functions 8 such that wx390 E C'@+ x w, t,]); wx3, t*) = 0; e(0, t) = 0, 0 < t < t*.
Thus, from (9), (12), (13), (16) and (20), we obtain that the integral characteristics w and Cij of the problem under consideration, introduced in (18), satisfy the and the vectors el are a unit basis of the coordinate system 0x1~2~3: We see that c3 and cl, c2 are equal to the speeds of propagation of the longitudinal waves a and shear waves b, respectively. The vector u of the internal unit normal to the boundary of the half-space IE%: is equal to e3, that is, u = e3. Let us expand w in terms of this orthogonal basis el: w(x3, t) = WI* (x3, t)el, where coefficients wr are scalar functions.
It is easy to see that the identities in (21) 
Applying d' Alembert's assertion, we obtain from (23) that a weak solution to the one-dimensional dynamical problem (21) has the form w(x3, t) = Y (t -x&)e3.
The stress vector X(x3, t) has the form
where the prime denotes derivative with respect to the argument of the function. Note that P(t) = -( C (0, t), v). Thus, if the die is a blunt convex rigid body having an arbitrary shape with two orthogonal planes of symmetry, which are both orthogonal to the boundary of half-space, then for any kind of boundary conditions frictional, adhesive or frictionless, we obtain from (25) the following relationship for the instantaneous value of the force required to indent the die during the supersonic stage of contact: P(t) = paV(t) S(t).
5. An exact solution of the collision problem 51 .
If the body has two orthogonal planes of symmetry Oxix2 and 0~2x3, which both orthogonal to the boundary of half-space then we obtain from (3) and (26) General solution mV(t) = -pa V(t) S(t). (27) Write v[H(t)] = V(t). Taking into account that fi = V (see (4)) we have
Substituting (28) into (27), we obtain that is, we have obtained an elliptic paraboloid which is a figure with two orthogonal planes of symmetry OX;XJ and Ox;xy which are both orthogonal to the boundary of --the half-space.
In this case the exact solution of the impact problem (29) and (30) can be written in simple algebraic functions
We can resolve the problem and obtain the following direct relations between time t and the desired functions:
Note the solution to constan ts of the solu tion the frictionless problem (34) had were wrong. misprints and the 5.3 Impact of a blunt four-sided pyramid Let us consider another particular case, namely the case when the body is described by a blunt four-sided pyramid f (Xl 9 x2) = B,lxll + B21~219 B2 2 B, > 0.
We assume that the pyramid is blunt enough to write all boundary conditions on the surface x3 = 0. In this case the exact solution of the impact problem (29) and (30) is given by the following formulae: We suppose again that the cone is blunt enough to write all boundary conditions on the surface x3 = 0. The exact solution of the impact problem (29) and (30) 
Note that since pyramids and cones are not smooth, the inequality (6) does not hold for all V(0). We have that max Igrad f (xl, x2) 1 is equal to (Bf + Bz)l12 and Bi'2 for pyramid and cone respectively. Therefore, we obtain min y (XI, x2, t) < V(O)/ max Igrad f<~t , x2)1. Thus, if V(O) G a max Igrad fh, x2)1 there is no supersonic stage of contact and the solutions (32) and (33) are not valid.
Conclusion
We have seen that the method of integral characteristics of solutions to boundaryinitial value problems, which was introduced by Borodich (23, 29, 31) , is very effective. Indeed, the method allows us to solve generalized impact problems which were solved earlier only in the frictionless case (34) .
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Note that we can use the method of integral characteristics to obtain the expression for the contact force 0 n subseismic stage of contact (2), but we can not apply it to obtain an exact solution to the problem because of lack of knowledge about VI (t).
We have obtained exact expressions for the relations between time, depth of indentation, velocity of the body and contact force. If the body is an elliptic paraboloid, a blunt four-sided pyramid or an elliptic cone, some of these formulae are expressible in terms of elementary functions.
It is important to note that expressions obtained are independent of the boundary conditions prevailing in the contact region. Thus, integral characteristics of solutions to the impact problem are the same as in the case of the frictionless problem.
